Abstract-We examine the scattering from cylindrically periodic engine-like structures using integral-equation methods. The periodic scatterer is enclosed in a cylindrical waveguide, and the primary goal of this paper is to show that this type of geometry affords substantial computational reductions by exploiting the periodicity of the blade structure and characteristics of the modal scattering matrix of the engine-like termination. Also, as a result of the periodic waveguide termination, a limited number of modes are excited by a given incoming mode, and this is exploited for a further reduction of the storage requirements of the modal scattering matrix.
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I. INTRODUCTION
T HE problem of electromagnetic scattering from jet-engine inlets (see Fig. 1 ) has been investigated in a number of recent papers [1] - [8] via different approaches. Rigorous modal methods [3] , [4] are applicable only for simplified engine models since the geometry of a realistic engine termination is not canonical [3] . Also, standard numerical techniques, such as the moment of methods (MoM) or the finite-element method (FEM) cannot handle the entire structure due to its large electrical size. Further, high-frequency techniques such as the shooting and bouncing ray method [6] , are not applicable due to the engine's complexity.
For an efficient solution of the problem, it has been found that a decomposition of the computational domain into numerical and high-frequency regions is the most appropriate approach. As shown in Fig. 2 , the region surrounding the complex engine termination is modeled numerically, whereas ray or modal methods are used to propagate the field through the duct. In this manner, a significant amount of memory is saved by not discretizing the duct region. One way to couple the two computational regions is through the modal scattering matrix, and this approach is discussed in [1] . However, even with this decomposition, a direct application of numerical methods such as the FDTD [7] and FEM [1] leads to intractable problems when dealing with realistic jet-engine sizes spanning 30 wavelengths in diameter (at 10 GHz). Multispectral characterization requiring radar cross section (RCS) computation at many frequencies introduce additional central processing unit (CPU) time problems. To reduce the CPU time and storage requirements down to manageable levels, we exploit the inherent blade periodicity of the jet engine to show that the computational domain can be reduced down to a single blade or engine "slice." This discrete body of revolution (DBOR) approach reduces the number of unknowns and storage requirements by a factor equal to the number of blades. However, it has so far been implemented only in the context of differential-equation methods [2] . In this paper, we apply the DBOR concept in the context of integral-equation methods for modeling the complex jet-engine configurations. By considering mode-by-mode excitation [1] , 0018-9480/98$10.00 © 1998 IEEE Fig. 3 . Symmetry in a DBOR body. [2] , it is shown that the analysis over the entire engine can be reduced down to a surface integral equation over a single blade or periodic sector of the engine. It is further demonstrated that the resulting modal scattering matrix is sparse, leading to additional storage and CPU time reductions.
Further computational reductions can be achieved by incorporating fast integral-equation algorithms such as the adaptive integral method (AIM) [9] . The latter redistributes the currents on the blade onto a canonical grid such that the scattered field due to the fictitious sources on the nodes of the grid remain the same as that of the original sources up to a certain order. Combining blade periodicity and the AIM concept results in drastic complexity reductions.
The DBOR procedure (which takes advantage of blade periodicity) leads to a compact integral equation whose domain is confined over the single engine blade. Initially, we consider perfectly conducting (PEC) scatterers, but the last section of this paper gives an extension of the method to periodic angular sectors containing nonmetallic, possibly lossy, materials. Three appendixes are included, which provide certain mathematical details omited from the main text, in reference to the dyadic Green's function for cylindrical waveguides and explicit expressions of the elements of the pertinent MoM impedance matrix.
II. SETUP FOR PERFECTLY CONDUCTING SCATTERERS
Consider the PEC scatterer residing inside a cylindrical metallic waveguide and occupying the volume , as shown in Fig. 1 . This structure is used to terminate a cylindrical waveguide and consists of periodic sectors or "slices." The slices are identical and rotated around the center axis with respect to each other by integer multiples of the angular period (1) where is the angular opening of each slice (see Fig. 3 ). We will refer to this termination as a DBOR since the geometry can be generated by revolving the basic slice occupying the volume a discrete multiple of azimuth angles . Due to this inherent periodicity, the vector of a point in the th periodic slice occupying the volume can be written as (2) where the superscript denotes the power of the dyadic . The latter is the rotation dyadic, defined in Cartesian coordinates by the matrix (3) It can be readily shown that (4) (5) These equations present important properties to be explored later in this analysis.
For the problem of scattering, an incident field is assumed to impinge upon the periodic structure, where is a sum of cylindrical waveguide modes. This excitation induces the surface current giving rise to the scattered field [10] (6) where , is the permeability, and is the permittivity), is the outer surface of the scatterer, and is the dyadic Green's function for the Helmholtz equation inside a cylinder (electric type of the first kind) stated in Appendix A. An integral equation for can be derived by invoking the boundary condition satisfied on , namely, (7) where is the tangential unit vector on , demanding that the tangential electric field vanishes on the surface of the periodic scatterer.
A numerical solution for can be obtained by casting (7) into a discrete system of equations. To do so, we first approximate the surface current by the expansion (8) where are the chosen basis functions and are coefficients to be determined. A standard set of linear basis functions are those given by Rao et al. [11] , which are defined as if if otherwise (9) where denote the area of the two triangles forming the dihedral patch, as illustrated in Fig. 4 . The basis functions represent the current flowing through the th edge from one triangle to the other, where is measured from the vertices opposite to the th edge. A useful property of the basis functions is (10) and this is a consequence of linearity. Substituting (8) into (7), upon Galerkin's testing, we obtain the linear system (11) where (12) are the elements of the excitation vector , and is the column of unknown current coefficients . As usual, is the impedance matrix whose entries are given by (13) Note that (11) involves the currents over the whole scatterer (see Fig. 1 ) covering the entire angular domain . Thus, for large diameter terminations, the size of the impedance matrix quickly becomes unmanageable. In Section III, it will be shown that the scattering from the slices can be isolated from each other, yielding an equivalent system much smaller than (11).
III. DECOUPLING OF THE LINEAR SYSTEM OF EQUATIONS
To exploit the periodicity of the geometry, we proceed to establish a relationship between the currents among the identical slices. Assuming that each periodic slice is identically discretized into patches, the current expansion (8) can be rewritten as (14) This is an expression of the total current in terms of local currents on the individual slices with index . To facilitate further manipulation, we define the current column vector of the th slice by
Using these notations along with identities (4) and (5), (10) can be more explicitly rewritten as (16) where (17) are the entries of the submatrices representing the interactions between the th and the th slice currents. Also, is the excitation column vector of the th slice, defined by (18) where
is the outer surface of the slice within the volume . Clearly, the index indicates the slice where the source point is located, whereas is the index representing the slice containing the observation point. Both indexes run from 0 to . To take advantage of blade periodicity, we proceed to establish a relationship among submatrices . The principal part of the entries of can be written as
where we have substituted in the cylindrical waveguide the Green's function given in Appendix B. However, any other pertinent Green's function, including that of free space, could be used. From (20), we readily deduce that depends only on the difference and not on the individual values of and . This is expected since physical intuition dictates that any interaction between two given slices should depend on their relative, and not absolute, location. Hence, we introduce the superscript to rewrite the system (16) as (21) The lone superscript of the impedance submatrices now indicates the relative location of the interacting slices. Since the waveguide and engine fields are identical modulo , it follows that (22) This "modulo " property will prove extremely important because of its essential role in decoupling the subsystems comprising the overall system (21).
To proceed further, we assume that the incident field is a single cylindrical waveguide mode of order , as described in Appendix A. To permit decoupling of the subsystems comprising (21), it is important that the angular dependence be in the form of an exponential and not trigonometric (i.e., the fields must be proportional to ). The excitation column vectors on the th and th slices are, hence, related via (23)
We will refer to the block rows of (21) by the superscript of the right-hand side, i.e., we will use the terms "zeroth block row," "first block row,"
, " th block row." Now multiplying the th block row of (21) by for all , and subtracting the zeroth block row from all others yields the equivalent system (24) where we have made use of (22). Apart from the first of these block matrix systems, we can satisfy all other block rows of (24) by setting (25) Thus, the top block row of (24) can be written as (26) and since (21) and (24) have the same solution, on the basis of uniqueness, (25) is the only possible choice for relating the periodic sector currents among themselves.
A more compact expression for (26) can be obtained by using the properties of the Green's function. First, we define the left-hand side of (26) as a single matrix as follows:
Next, by using (20) and the geometric sum if else (28) it follows that the principal part of the matrix entries reduces to
The implication of this result is that for a given order of the incident mode, only a limited set of scattered modes is excited. Namely, only the scattered modes with orders that satisfy , are reflected back, and this is in agreement with the result given by the FEM analysis of a similar problem [2] . For a body of revolution (BOR), and, in this case, (28), implies that only, which is consistent with classical BOR theory [12] .
The most important consequence of this analysis is that for a given incident mode, it suffices to solve the integral equation only over a single slice using a modified version of the dyadic Green's function. Indeed, if we define this modified Green's function by the periodicity dyadic (30) the entries of are given in compact form as (31) The currents on the reference slice are simply the solutions to the system (32) and those on the other slices are obtained from (25).
The importance of (32) cannot be exaggerated. Since the problem essentially reduces to modeling only one slice of the scatterer, the number of equations or unknowns is reduced by a factor of . For a typical , this implies a CPU time and memory reduction each by a factor of 1600. For large scatterers with large periodicity numbers , e.g., jet engines, the problem can thus be scaled to a tractable size. Moreover, the limited coupling among the scattered modes results in sparse modal scattering matrices, which are much easier to store and handle. Also, calculations involving the Green's function in (30) can be performed more efficiently since a number of terms corresponding to significant modes of low order are now absent.
Finally, it is important to observe that the above formulation does not demand any restriction on the shape of the periodic slice. Therefore, the shape of the exterior surface of the slices is irrelevant to the integral-equation method and the technique is applicable to arbitrary DBOR's such as realistic jet engines.
IV. EXTENSION TO DIELECTRIC SCATTERERS
It is straightforward to extend the above analysis to a DBOR which consists of nonmetallic sections. To construct the integral equation, we begin by introducing the scattered field expression (33) where now represents the equivalent-volume current density replacing the dielectric region with permittivity given by (34)
The current density is again expanded into volume basis functions via
A choice for is [13] (36)
where , denotes unit vectors spanning and if otherwise.
Using the volume equivalence principle, it can be shown that the integral equation for the current can be written as [13] (38)
where (39) in which is the unit dyadic and are defined in Appendix A.
On the basis of a DBOR scatterer Apart from a slight modification, the expressions for the impedance matrix and excitation vector are nearly identical to those for the PEC DBOR. For reference, the periodicity dyadic in (30) for the dielectric DBOR is (43)
V. VALIDATION AND RESULTS
As an example, let as consider a four-blade geometry in a cylindrical waveguide, as shown in Fig. 5 . For this configuration, the diameter of the cylinder was chosen to be , and the length of the engine and duct was . The straight blades occupied 90 angular sectors and were facing parallel to the cylinder's base, forming the grooves shortage. Based on the proposed formulation, only a single blade was needed and, in doing so, the memory was reduced from 855 to 53 MB. The CPU time is typically reduced by the same factor of , i.e., the efficiency of the DBOR method is increased along with the number of blades. Scattering patterns ( and polarizations) for the geometries shown in The reference data are based on the mode-matching method [3] and, except for the lower RCS regions (nulls), they are in good agreement with the DBOR MoM data. The differences are attributed to the mode-matching method that typically suffers from mode convergence and field-modeling inaccuracies near the edges of the blades.
VI. SUMMARY AND CONCLUSIONS
In this paper, we showed that substantial computational efficiency can be achieved by taking advantage of the periodicity properties of DBOR (e.g., a jet engine) situated in a cylindrical waveguide. Specifically, the following simplifications were achieved. The modal scattering matrix is very sparse and its nonzero entries can be predicted a priori, leading to large storage savings. The computational domain can be reduced down to a single periodic sector of the scatterer (e.g., a single blade for the jet engine). This is done regardless of the geometry of the periodic sector or slice and, as can be realized, the computational savings are dramatic. Specifically, the number of unknowns is reduced by a factor equal to the number of slices , with the corresponding computational savings being equal to . The above CPU time simplifications for a DBOR parallel those already known for regular BOR's and, therefore, this analysis can be considered as a generalization of the latter. Similar simplifications can be carried out for partial differential equation (PDE) simulations. However, the incorporation of the DBOR concept in the integral-equation formulation is more attractive for metallic structures because the computational domain is restricted to the scatterer's surface and no cumbersome phase boundary conditions are needed to take advantage of periodicity. Instead, for integral equations, the only modification is the introduction of the periodic Green's function.
Results for jet-engine configurations with straight blades were given for validation purposes. However, the proposed DBOR method has been equally well applied to realistic jet engines, which involve twisted blades and conical-cylindrical hub sections. 
Next, we define the principal part of (54) . Given an incident mode of order , the scattered field is generally given by (6) . Using the properties of the dyadic Green's function and (14), together with (25), after some algebra similar to Appendix B, we deduce that for a point away from the scatterer, such that for any source point , (59) where (60) (61) Evidently, (59) yields the scattered field in terms of TE and TM modes, whereas the coefficients of the expansion (i.e., the elements of the modal scattering matrix) are conveniently given by (60) and (61) in terms of the currents on slice only. A similar expression holds for dielectric scatterers. We again emphasize that due to the term , only a limited set of scattered modes are returned.
